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Abstract
The aim of this note is to demonstrate that the continuous solution describ-
ing ballistic heat propagation in 1D harmonic crystal suggested previously by
Krivtsov in [1] can be formally obtained as a slow component of far-field
asymptotics of the corresponding exact discrete solution.
In recent paper [2] the ballistic heat propagation in 1D harmonic crystal is con-
sidered and the properties of the exact discrete solution [3, 4, 5]
T˜n(τ) = 2J
2
2n(2τ) (1)
and “slow” continuous approximation [1, 6, 7]
T˜ (x˜, τ) =
1
pi
√
τ 2 − x˜2 , τ > |x˜|. (2)
are numerically compared. The aim of this note is to demonstrate that continuous
solution (2) can be derived by a rigorous asymptotic way basing on expression (1).1
To do this we use the integral representation [8] for the Bessel function of the first
kind of integer order n:
Jn(τ) =
1
2pi
∫ pi
−pi
exp i(t sinω − nω) dω, n ∈ Z. (3)
Consider the far-field asymptotics of the right-hand side of (1) on the moving front
V = n/τ = const, n→∞. (4)
1In studies [1, 6, 7] the continuous solution was introduced by the procedure of the continual-
ization of the finite difference operators
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Here V has the sense of the velocity for the observation point. Since (1) defines an
even function of n, without loss of generality we can assume that n ≥ 0 and V ≥ 0.
To estimate the right-hand side of (3) we now use method of the stationary phase
[9]. One has
Jn
( n
V
)
=
1
2pi
∫ pi
−pi
exp inφ(ω) dω, n→∞; (5)
φ(ω)
def
= V −1 sinω − ω. (6)
The stationary points for the phase function φ(ω) are defined by the condition
φ′ = 0. There are no stationary points in the case V > 1. In the case 0 < V ≤ 1
the stationary points are ω± = ± arccosV . One gets
φ(ω±) = V −1 sinω± − ω± = ±
(√
1− V 2
V
− arccosV
)
, (7)
φ′′ = −V −1 sinω, (8)
φ′′(ω±) = ∓
√
1− V 2
V
. (9)
Now using the formula for contribution from a stationary point [9], in the case
0 < V < 1 we obtain:
Jn
( n
V
)
=
1
2pi
∑
(±)
√
2pi
nφ′′(ω±)
exp i
(
φ(ω±)n+
pi
4
signφ′′(ω±)
)
+O(n−1)
=
√
2V
pin
√
1− V 2 cos
((√
1− V 2
V
− arccosV
)
n− pi
4
)
+O(n−1). (10)
Thus, provided that (4) is true, one has
T˜n(τ) =
2V
pin
√
1− V 2 cos
2
((√
1− V 2
V
− arccosV
)
2n− pi
4
)
+O(n−3/2)
=
V
pin
√
1− V 2
(
1 + sin
((√
1− V 2
V
− arccosV
)
4n
))
+O(n−3/2). (11)
Now we substitute V = n/τ into the last expression. This yields
T˜n(τ) = T˜
slow
n (τ) + T˜
fast
n (τ) +O(n
−3/2), τ > |n|; (12)
T˜ slown (τ) =
1
pi
√
τ 2 − n2 , (13)
T˜ fastn (τ) = T˜
slow
n (τ) sin
((√
τ 2 − n2
n
− arccos n
τ
)
4n
)
. (14)
Formula (12) yields the asymptotic decoupling of thermal motions as sum of the slow
and the fast motions. The right-hand side of (13) coincides with Eq. (2) provided
that n = x˜. The comparison between T˜n(τ), T˜
slow
n (τ)+ T˜
fast
n (τ) and T˜
slow
n (τ) is given
in Fig. 1.
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Figure 1: Comparing the T˜n(τ), T˜
slow
n (τ) + T˜
fast
n (τ) and T˜
slow
n (τ)
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